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1. Introduction. 

Weighted Sobolev spaces are an interesting topic in many fields of Matliematics. In the classical book [11] 
we can find the point of view of Partial Differential Equations. We are interested in the relationship between 
this topic and Approximation Theory in general, and Sobolev orthogonal polynomials in particular. 

Sobolev orthogonal polynomials have been more and more investigated in recent years. In particular, in 
[9] and fTOj, the authors showed that the expansions with Sobolev orthogonal polynomials can avoid the 
Gibbs phenomenon which appears with classical orthogonal series in . The papers [I], [2], [3], [8], [14] and 
[2H] deal with Sobolev spaces on curves and more general subsets of the complex plane. 

Sobolev orthogonal polynomials on the unit circle and, more generally, on curves is a topic of recent and 
increasing interest in approximation theory; see, for instance, [3] and [8] (for the unit circle) and T6j and [2] 
(for the case of Jordan curves) . 

In [22], [23], [24], [25] and [26] the authors solved the following specific problems: 

1) Find hypotheses on general measures /i — (/iq, /^i, . . . , /i/c) in R, as general as possible, so that we can 
define a Sobolev space W^'^lji) whose elements are functions. These measures are called p-admissible. 

2) If a Sobolev norm with general measures /i = (/io, l^i, ■ ■ ■ i ^J■k) in R is finite for any polynomial, what 
is the completion, P'^'^(/i), of the space of polynomials with respect to the norm in W'''P{fi)? This problem 
has been studied previously in some particular cases (see e.g. [6], [3, [I])- 

In [1] and [28] these results are extended to weighted Sobolev spaces on curves in the complex plane. 

One of the central problems in the theory of Sobolev orthogonal polynomials is to determine its asymptotic 
behavior. In |l3j the authors show how to obtain the n-th root asymptotic of Sobolev orthogonal polynomials 
if the zeros of these polynomials are contained in a compact set of the complex plane. Although the uniform 
bound of the zeros of orthogonal polynomials holds for every measure with compact support in the case 
without derivatives (fc = 0), it is an open problem to bound the zeros of Sobolev orthogonal polynomials. The 
boundedness of the zeros is a consequence of the boundedness of the multiplication operator Aif{z) = z f{z) 
in the corresponding space P'"''^(/i): in fact, the zeros of the Sobolev orthogonal polynomials are contained 
in the disk {z : \z\ < \\M\\} (see [T4]). 

In [23] , [25] , [1] and , there are some answers to the question stated in [13] about some conditions for 
Ai to be bounded. 

The main aim of this paper is to find conditions (which should be easy to check in practical cases) implying 
the boundedness of these zeros, when the supports of the measures are contained in a curve in the complex 
plane (see Theorems I5.3[ 15.41 15.51 and 15. 6[) . Theorem 15.31 is a general result which can be applied for a wide 
class of weights: in fact. Theorems 15.41 [575] and [5?6l are consequences of it. In particular. Theorem 15 . 51 states 
the following characterization: If dfij = Wjds and Wj is piecewise monotone for 1 < j < fc, then A4 is bounded 
if and only if /C(/u) = (this condition means that the Sobolev norm ||/1|h"=,p(^) := {J2j=o 11/^"'^ II Lp(p ))^^^ 
"is a norm"; see Definition 13.101 for the precise definition of IC{fj,)). Condition IC{fi) = is easy to check in 
practical cases (see Propsition 15.11 for a characterization if fc = 1 , and Theorem 15.61 and the Remark after 
Theorem l5.31 for some sufficient conditions for any k). The hypothesis about the monotonicity of Wj is a weak 
one, since it is verified in almost every example (for instance, every Jacobi, Jacobi-Angelesco and Polacheck 
weight satisfies it). Theorem l5.41 is a generalization of Theorem 15 . 51 with dfij = Wjds + d()jLj)s- Theorem l5.61 
deals with weights "similar" to some power, in some sense. 

These results are new for Sobolev orthogonal polynomials in curves, and even for Sobolev orthogonal 
polynomials in the real line. Theorem 15. 51 is an improvement of [27l Theorem 4.3]: in [27] appears a different 
Sobolev space (in an interval /), denoted by W^f{I,fj), verifying P'='P(/,/i) C W^'P{I,ijl) C W^f{I,fi). 
Since we usually have P'''P{I,fi) = W'''P{I,h) ^ W^f{I,fi) (see [U Theorem 6.1]), it is obvious that it is 
better to work with W'''P{I, fi) in order to obtain results about the multiplication operator in P'^'P(/, /i). 
Furthermore, we can define W'''P{I, ji) for any p-admissible measure /i (see Definition 13. 8p . but we can define 
W^f{I,fj,) just for a smaller set of measures (see [27l Definition 2.3]). 

(The advantage of Wl^f{I, /i) is that it can be defined in a simpler and faster way than W'^'P{I, /i).) 
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We have proved also some technical results about weighted Sobolev spaces. The main technical result is 
Theorem 14.21 which says that 14^ '''^(/i) is a Banach space for every p-admissible measure fi. This central 
result in the theory of Sobolev spaces has an interesting consequence for the study of the multiplication 
operator: if M is bounded in W''''''{^) and P C W'''P{fj,), then it is bounded in P'^'P(^), since W'''P{fi) is a 
complete space. This is a crucial fact, since the results in this paper deal with the multiplication operator 
in W'''P{^); we need to work with W'^'P{fj,) instead of P'^'^'(/i), since in W'''P{fj,) we have powerful tools, like 
Theorems 13.21 and 15 . 2p : furthermore, the elements of W'''P{fj,) are functions and the elements of P'^'P(/z) are 
equivalence classes of sequences of plynomials. 

The outline of the paper is as follows. Sections 2 and 3 are dedicated to the definitions and previous 
results which will be useful. In Section 4 we obtain some improvements of the results in Section 3, which are 
interesting by themselves and simplify many results about weighted Sobolev spaces in [22], [23], [24], [25] . 
[26] . [1] and [28]. We prove the results on multiplication operator in Section 5. 

In order to make easy the reading of the paper to those people mainly interested in the boundedness of 
zeros of Sobolev orthogonal polynomials. Section 5 is almost self-contained, and does not depend too much 
on the rest of the paper. In this section, whenever a previous technical result is used, there is a precise 
reference to its location. 

Now we introduce the notation we use. 

Notation. If A is a Borel set in a curve, Xa ; M a-nd A denote, respectively, the characteristic function, 
the cardinal and the closure of A. By we mean the j-th distributional derivative of /. P denotes the set 
of polynomials and P„ the set of polynomials of degree less or equal than n. We say that an n-dimensional 
vector satisfies a one-dimensional property if each coordinate satisfies this property. Finally, the constants 
in the formulae can vary from line to line and even in the same line. 

Acknowledgements. I would like to thank Professor Dmitry V. Yakubovich for many useful discussions 
and several ideas which have improved the presentation of the paper. 



In this section we introduce a definition of derivative along a curve in the complex plane, as an extension 
of the usual complex derivative, which will need in the rest of the paper. A detailed study of this concept 
(with the proofs of the results stated here) can be found in [U Chapter 2]. Every curve will be simple, 
rectifiable and oriented. Any closed curve is positively oriented (counter clockwise). 

Definition 2.1. (a) Ifj is not a closed curve, its orientation give a natural order in 7; then, if zo,zi G 7 
and zq < z\, we can consider the arcs [^0,2:1], {zq,zi), [zq,zi) and {zo,zi]. If j is a closed curve we denote 
by [zo, zi] the arc 0/7 joining zq with z\ in the positive sense; then we also have a natural order in each arc 
[2:0,21]. We denote by J^^ 5(C)^C complex integral of the function g along the arc [20, 21]. 

(b) Let 2o be a fixed point in 7. If ^ is compact we say that f G AC^{'-^) if f can be written as 



for some h £ L^{j,ds) and some polynomial q G Pfc-i. If j is a closed curve we require also the function 
h G i^(7, ds) to verify h{() c?C = 0, for < i < k. When 7 is not compact, we say that f G ACj'^^{'y) if 
it can be split as in ([I]) with h G Lj^^{'j,ds). 

(c) If f ^ ^^(00(7) ^"'^ ^0 ^ 7' define its derivative f along 7 as 



2. Curves and derivatives along curves. 



(1) 





where q'{z) means the classical derivative of q{z) and h{C,){z — C) ^ /{~l)\dC, means h{z). 
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Obviously, if 7 is a compact real interval, the space AC^^j) is the set of absolutely continuous functions 
in 7. If 7 is a closed curve and / G AC'^{j), we have h{() (z — C)'"^^ dC = for every 267. This property 

is equivalent to /*•-'■* being continuous in 7 for < j < fc, where Z^^-* denotes the j-th derivative (according 
to the previous definition) of /. 

We also note that it is natural to define the derivative along 7 in this way, since this is the "inverse" of 
integration: 

Remarks. 

1. Note that if / is holomorphic in a region containing 7, then /' is the usual complex derivative of / at 
almost every point of 7. 

2. If / G AC/;^(7) and /(■'^ = a.e. in 7, for some < j < k, then / e Pj_i. 

It can be shown that this definition of derivative is independent of the representation of / we are using, 
and that it verifies the properties of usual derivation: linearity, Leibniz' rule, approximation by Taylor 
polynomials,... (see [T]). 

3. Background and previous results on Sobolev spaces. 

The main concepts that we need in order to state our results are contained in the following definitions. 
The first one is a class of weights that will be the absolutely continuous part of our measures. 

Definition 3.1. Given 1 < p < 00, a curve 7 and a set A which is a union of arcs in 7, we say that a 
weight w in ^ belongs to Bp{A) if w^^ £ -^(/i^ ^H^) (^f P = 1; then l/{p ~ 1) — 00). 

It is possible to construct a similar theory with p = 00. We refer to [T], [TO], [20] and [H] for the case 

P — (X). 

If the curve 7 is R, then Bp(M) contains, as a very particular case, the classical Ap(R) weights appearing 
in Harmonic Analysis. The classes _Bp(0), with C M", have been used in other definitions of weighted 
Sobolev spaces on in [T^ . 

We consider vectorial measures /i — (/ig, . . . ,/ifc) in the definition of our Sobolev space in a curve. We 
assume that we can make for each scalar measure the decomposition d^j — d{fj,j)s + Wjds, where (/ij)s is 
singular with respect to the Euclidean arc-length and Wj is a non-negative Lebesgue measurable function in 
7 (by Radon- Nikodym's Theorem, we can make this decomposition, for instance, if fij is ct- finite). 

In [12], Kufner and Opic define the following sets: 

Definition 3.2. Let us consider 1 < p < 00 and a vectorial measure fi = {fiQ, . . . , /ifc) in 7. For < j < k 
we define the open set 

i7j := {2 e 7 : 3 an open neighbourhood V of z in the curve 7 with wj G Bp{V)} . 

Note that we always have Wj G Bp(yij) for any Q < j < k. In fact, Vlj is the largest open set U with 
Wj G Bp{U). It is easy to check that if f^^'> G LP{flj,Wj) with 1 < j < fc, then /(^^ G Ll^^{^j), and therefore 
/(^-i) G ACLi^,). 

Since the precise definition of Sobolev space requires some technical concepts (see Definition 13. 9p . we 
would like to introduce here a heuristic definition of Sobolev space and an example which will help us to 
understand the technical process that we will follow in order to reach to Definition 13.91 
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Definition 3.3. (Heuristic definition.) Let us consider 1 < p < oo and a p-admissihle vectorial measure 
(1 — (/io, ■ . ■ 1 IJ-k) in 7. We define the Sobolev space VF*^'^(7,/i) as the space of equivalence classes of 



^ i/p 



^'='''(7,m):={/:7-C / ||/L.,.(,.,) ( E HL(.,.,)) 

3=0 

f^^^ G AClg^{Qj+i U • • • U ilk) and /'--'•' satisfies "pasting conditions" for < j < /c| , 

with respect to the seminorm \\ ■ \\w''-p{-y,fj,)- 

These pasting conditions are natural: a function must be as regular as possible. In a first step, we check 
if the functions and its derivatives are absolutely continuous up to the boundary (this fact holds in the 
following example), and then we join the contiguous intervals: 

Example. ^0 := Sq, Mi := 0- X[_i q] {x)dx and d/ia := 1] {x)dx. 

Since ili — il2 — (—1,0) and il^ — (0, 1), W^'P{ii) is the space of equivalence classes of 

V^'^ip,) = |/ / 11/11 w3.p(p) < 00 , / satisfies "pasting conditions", 

/,/',G AC((-1,0)) and /,/',/" gAC((0,1))} 

= |/ / Il/lliv3.p(p) < cxo , / satisfies "pasting conditions", 

/,/',G AC([-1,0]) and /,/',/" gAC([0,1])} 

= {,/ / ll/lk3,P(p) < ^ , fj'e AC(hl, 1]) and /" G AC{[0, 1])} . 

In the current case, since / and /' are absolutely continuous in [—1, 0] and in [0, 1], we require that both are 
absolutely continuous in [—1, 1]. 

These heuristic concepts can be formalized as follows: 



Definition 3.4. Let us consider 1 < p < 00, 11, v measures in 7 and zq, zi G 7. We define 

zo<z<zi " ' 

zo<z<zi 

where we use the convention • 00 = 0. 



Before we state our theorems, let us state a version on curves of a classical result in M (see [18], [17]). It 
will be generalized in Theorem 13.21 below. 



Muckenhoupt inequality. (1, Theorem 3.1]) Let us consider 1 < p < 00, /io,/ii measures in 7 and 
Zo, zi G 7. Then: 

(1) There exists a positive constant c such that 



Lp{{zo,z,Ulo) -'^W^WlpHzo.z^],,,,) 



for any measurable function g in [zq^Zx], if and only if ^^j(/io,/ii) < 00. 

(2) There exists a positive constant c such that 



9iC)dC 



Zo 



for any measurable function g in [zo, zi], if and only if (/xq, /ii) < 00. 
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Definition 3.5. Let us consider 1 < p < oo and a curve 7. A vectorial measure JI = {JIq, . . . ^Jlf.) is a right 
completion of a vectorial measure fi — (/xq, . . . , ^fe) with respect to zq d ^ in a right neighborhood [zq, zi], if 
Jlp. = /ife in 7, /Ij = /ij in the complement of (zq: zi] and 

V-j = l^j + tt-3 , in{zQ,Zi] forO<j<k, 

where fij is any measure satisfying /ij((zo,Zi]) < 00 and (Aj , /Jj+i) < 00. 

The Muckenhoupt inequality guarantees that if /(•'^ G ^^(Mi) and /(J+i^ G LP{J1^^^), then /(-J) G LP{ji.j). 
If we work with absolutely continuous measures, we also say that a vectorial weight W is a completion of ji 
(or of w). See some examples of completions in 22! and [T]. 

Remark. We can define a left completion of /i with respect to zq in a similar way. 

Definition 3.6. For 1 < p < 00 and a vectorial measure fi in 7, we say that a point zq € j is right j-regular 
{respectively, left j-regular), if there exist a right completion JI {respectively, left completion) of fi in [2:0,2:1] 
and j < i < k such that Wi G Bp{[zQ, zi]) {respectively, Bp{[zi, zq])). Also, we say that a point zq ^ j is 
j-regular, if it is right and left j-regular. 

Definition 3.7. We say that two functions u,v are comparable (and we write u >i v) on the set F C j if 
there are positive constants C\,C2 such that c\v{z) < u{z) < C2v{z) for almost every z £ F. 

Remarks. 

1. A point zq G 7 is right j-regular (respectively, left j-regular), if at least one of the following properties 
is verified: 

(a) There exist a right (respectively, left) neighborhood [zq, zi] (respectively, [zi, zq]) and j < i < k such 
that Wi G Bp{[zQ, zi]) (respectively, Bp{[zi, zq])). Here we have chosen wj = 0. 

(b) There exist a right (respectively, left) neighborhood [20,21] (respectively, [zi,2o]) and j < i < k, 
a > 0, S < {i — j)p — 1, such that Wi{z) > a\z — zq\^ , for almost every 2 G [zoj 21] (respectively, [21, zq]) and 
we have \z — zq\ >; 17^^(2) — 7~^(2o)| in [20, zi] (respectively, [zi, zo]), where 7"^ denotes the inverse of some 
parametrization with 7' G L°°{\zq, zi]). See Lemma 3.4 in |22| . 

2. If Zo is right j-regular (respectively, left), then it is also right i-regular (respectively, left) for each 
< j < J. 

When we use this definition we think of a point {z} as the union of two half-points {z+} and {z^}. With 
this convention, each one of the following sets 

(zo, zi) U (zi, Z2) U {zj^} = (zo, zi) U [zj^, Z2) 7^ (zo, Z2) , 

(zo, zi) U (zi, Z2) U {zf } = (zq, z^] U (zi, Z2) / (zo, Z2) , 

has two connected components, and the set 

(zo,zi) U (zi,Z2) U {zf} U {z^} = (zo,zi) U (zi,Z2) U {zi} = (zo, Z2) 

is connected. 

We /use this convention in order to study the sets of continuity of functions: we want that if / G C {A) 
and / G C{B), where A and B are union of arcs, then / G C{AU B). With the usual definition of 
continuity in an arc, if / G C([zo, zi)) n C([zi, Z2]) then we do not have / G C([zo, Z2]). Of course, we have 
/ G C([zo, Z2]) if and only if / G C([zo, z^]) n C([zj^, Z2]), where by definition, C{[zf, Z2]) = C([zi, Z2]) and 
C([zo, zj~]) = C([zo, zi]). This idea can be formalized with a suitable topological space. 

Let us introduce some more notation. We denote by fi^^^ the set of j-regular points or half-points, i.e., 
z G fi'--''' if and only if z is j-regular, we say that z+ G fl^^^ if and only if z is right j-regular, and we say that 
z" G rj'-J) if and only if z is left j-regular. Obviously, n^''^ = and ^+i U ■ • • U 17^ C n^3\ Note that n'^') 
depends on p (see Definition 3.5). 

Remark. If < j < /c and J is an arc in 7, J C then the set J \ (ilj+i U • ■ • U flk) is discrete (see the 
Remark before Definition 7 in 22]). Consequently, fi^-'^ C Qj^i L) ■ ■ ■ U flk for every < j < k. 



SOBOLEV SPACES AND ZEROS OF SOBOLEV ORTHOGONAL POLYNOMIALS 



7 



Intuitively, ri^-') is the set of "good" points at the level j for the vectorial weight {wq, . . . ,Wk) in 7: every 
function / in the Sobolev space must verify that /(^' is continuous in 

Let us present now the class of measures that we use and the definition of Sobolev space. 

Definition 3.8. We say that the vectorial measure — {fiQ, . . . in 7 is p-admissible if ii*{-f\Q^^'>) = 0, 
for I < j < k, and nl. = 0, where d/i* := d^j,j — WjXn^ds (then d^k = WkXnJ^^)- 

We say that the vectorial measure /i = (/io, ■ ■ • , Mfc) *^ 7 strongly p-admissible if it is p-admissible and 
supp(/i*|A) C A, for any connected component A of Q^^"^ and 1 < j < k. 

Remarks. 

1. The hypothesis of p-admissibility is natural. It would not be reasonable to consider Dirac's deltas in 
in the points where is not continuous. 

2. Note that there is not any restriction on fiQ. 

3. Every absolutely continuous measure w = (wq, . . . , Wk) with Wj — a.e. in 7 \ flj for every 1 < j < fc, 
is p-admissible and even strongly p-admissible (since then /i* =0). It is difficult to find a weight w which 
does not satisfy this condition. 

4- {ti'j)s < f-p sind the equality usually holds. 

Definition 3.9. Let us consider 1 < p < 00 and a p-admissible vectorial measure fi — (/ip, • . . ^'^ 7- 
We define the Sobolev space W^'P{'j,ij,) as the space of equivalence classes of 



with respect to the seminorm \\ 

Perhaps this definition of Sobolev space is very technical, but it has interesting properties: in many cases, 
P'^'P(7,/i) = W'''P{'-f, fi) (see [1] Theorem 6.1]), with the advantage that we know explicitly how are the 
functions in W'''P{'-f, fj,). Furthermore, we have powerful tools in W'^'P{'~f, like Theorems 13.21 and 15 . 2p . 

Since, for the sake of generality, we allow || • ||vi/'=.p(7,Ai) to be a seminorm, it is natural to introduce the 
following concept. 

Definition 3.10. Let us consider 1 < p < 00 and a p-admissible vectorial measure fi in 7. Let us define the 
space /C(7, /i) as 

/C(7,m) {g ■■ ^^"^ — > C/ g e F'^'f (7, Mw^^Hf. ^^o,) = o} ■ 

/C(7,/i) is the equivalence class of in W'''P{j, /i|a(o)). Therefore, || • II w"= p(7, /i|j^(o) ) ^ norm if and only 
if /C(7,/i) = 0. It plays an important role in the study of the multiplication operator in Sobolev spaces (see 
[23] , [1] and Theorem 15.31 below) and in the following definition, which is crucial in the study of Sobolev 
spaces (see [22], [23] and [1]). 

In general, it is easy to compute JC{"f, fi); in the example after Definition [3?3l we can check that /C(7, /i) = 
spanja;, (a;+)^}. 

We consider now special classes that we call Cq and C. The conditions (7, ^) £ Co and (7, /i) £ C are not 
very restrictive. The first one consists, roughly speaking, in considering measures fi such that || • \\w'''P{M„,ti) 
is a norm for some sequence of compact sets {Af„} growing to 7. As to the class C, it is a slight modification 
of Co, in which we consider measures /i — (/io, ■ ■ ■ , fJ-k) such that by adding a "minimal" amount of Dirac's 
deltas to /io we obtain a measure in the class Co. 

Definition 3.11. Let us consider 1 < p < 00 and a p-admissible vectorial measure 11 in ^. We say that 
(7,/i) belongs to the class Cq if there exist compact sets M„, which are a finite union of compact arcs in 7, 
such that 



7 ^ C / /(^'^ e ACl^{n^^^) forO<j <k and 

k 



f 



1/p 



_(\-\\fU)\\p y<oo\ 



■ \\W''-P{'y,fi) ■ 
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i) Mn intersects at most a finite number of connected components o/ fii U • ■ • U life, 
vi) /C(M„,^) =0, 

Hi) Mn C Mn+l, 

iv) U„M„ = 

We say that {j,^) belongs to the class C if there exists a measure /ig = /ip + J2meD '^■>n^z^ '^'^^^ ^rn > 0, 
{zm} C D C N and {'^,fi') e Cq, where fi' = (/i^, 111, . . . , Ilk) is minimal in the following sense: 

there exists {M„} corresponding to (7,/^') G Cq such that if iiq — Ii'q — Cmo^z^g with mp G D and 11" = 
{fi'o, 111,..., Hk), then K,{Mn, n") ^ if z„i„ e Af„. 

Remarks. 

1. The proof in [T] of Theorem 13.21 below gives that if fi^^^ \ {fli U • ■ • U flk) has just a finite number of 
points in each connected component of Q^^\ and /C(7,^) = 0, then (7,^) G Cq. 

2. Since the restriction of a function of /C(7, 11) to M„ is in /C(M„, /i) for every n, then (7, /i) G Cq imphes 
/C(7,/^)-0. 

3. If (7, /i) G Co, then (7, /i) G C, with /i' — 11. 

4. The proof in [T of Theorem 13.21 below gives that if for every connected component A of ili U • ■ • U fife 
we have /C(A,/j,) = 0, then (7,//) G Cq. Condition #supp/io|xno(o) — ^ implies A^(A,/i) = 0. 

Theorem 3.1. ([1, Theorem 5.1]) Let us consider 1 < p < 00 and a p-admissible vectorial measure 11 = 
{Hq, . . . , Ilk) in a curve 7 with (7, /i) G C. Then the Sobolev space ^^'^'^(7, /i) is complete. 

The main ingredient of the proof of this result is Theorem 13. 21 below. It allows us to control the norm 
(in appropriate sets) of a function and its derivatives in terms of its Sobolev norm. It is also useful by its 
applications in the papers [53], [H], [21], [IB], [T], [55] and [H]. Furthermore, it is important by itself, since 
it answers the following main question: when the point evaluation functional of / (or /^-'■') is a bounded 
operator in W^'^'P(7, ^)? 

Theorem 3.2. ([T] Theorem 4.1]) Let us consider 1 < p < 00 and a p-admissible vectorial measure 11 = 
(no, . . . , Ilk) in a curve 7. Let Kj be a finite union of compact arcs contained in fi^-'-', for < j < k and Ji 
a right (or left) completion of 11. 

(a) //(7, /i) G Co, then there exist positive constants ci = ci(/i, Kq, . . . , Kk-i) and C2 = C2(JI, Kq, . . . , Kk-i) 
such that 

k-l 

ciXl ^ ll5'llw"=.j'(7,M)' C2 ||g||vy»=,p(^,jr) < ||g||vyfc,P(7,^), Vg G ^'^^^(7,//). 

(b) // (7, iij Q C there exist positive constants C3 = c^di, Kq, . . . , K^-i) and C4 — c^iji, Kq, . . . , Kk~i) 
such that for every g G V^'P{"f, 11), there exists gQ G ^'^'^(7, 11), independent of Kq, . . . , Kk-i, C3, C4 and JI, 
with 

Wdo - 5llw"'.p(7,/j) = I 

fc-1 

C3 \\9o ^\\L-^(Ki) < ll5ol|wfc.p(7,^) = I|51Ih"'.p(7,/j)j C4 HffO 1| Vl/k,p(^, jr) < I|5||w"=.p(7,m)- 

Furthermore, i/50,/0 a'^e, respectively, these representatives of g,f, we have with the same constants C3,C4 
fc-1 

C3 ^ llffo^^ - ./o^''||l=°(A:j) < ||g - /llvK'».P(7,Ai)' "^4 llffO - /o||w'«.P(7,7I) < 11.9 - /IIh"='P(7,^j)- 
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4. Basic results on weighted Sobolev spaces. 

In many results about weighted Sobolev spaces in [22], [23], [24], [25], [26], [1] and [28] appear the 
hypotheses (7,^) £ C or (7,^) € Co (see e.g. Theorems 13.11 and 13.21 above) . The hypotheses (7,^) G C and 
(7, IJ.) £ Co appear for the first time in [22], where they are the sharp conditions in order to obtain the basic 
properties of the weighted Sobolev spaces. Since these conditions are very technical, it is desirable to obtain 
some simplifications on them. Theorem 14.11 which is the key result in this section, shows a surprising result: 
every measure in every curve satisfies (7, /i) G C, and it has interesting consequences, like Theorems 14. 21 and 
14.31 Theorem 14.21 is a basic fact in the theory of Sobolev spaces; it says that is a Banach space for 

every p-admissible measure fi. 

However, the situation with the class Cq is more difficult. Theorems 14.41 l475l and l4!6l are simplifications 
of the condition {"f,fJ.) G Cq (we have an example which shows that Theorem 14.41 is sharp). In fact, weighted 
Sobolev spaces are W^'P{'j, fj,), at least in ninety per cent of the situations; in the other cases, they are mostly 
W^'P(7,/i). Theorem 14.51 below guarantees that, in both cases, {j,fi) G Cq if and only if /C(7,/i) = 0, which 
is a very simpler condition (/C(7,/i) — means that || • llvy' J'CT, ^1^(0) ) ^ norm). 

We begin with a technical result. 

Proposition 4.1. Let us consider 1 < p < 00 and a p-admissible vectorial measure fi = {fiQ, . . . ,/ifc) in a 
curve 7. // a connected component A of Qi U ■ ■ ■ U flk intersects fli for some < i < k, then every function 
f G /C(7,^) verifies /U G P-^-i. 

Remark. We use the convention P_i =0. 

The proof of this result is similar to the proof of [27, Proposition 2.1], which is a version of Proposition 
14.11 for intervals instead of curves. 

Theorem 4.1. Let us consider any 1 < p < 00. Every p-admissible vectorial measure fj, — (/xg, . . . , iik) in 
any curve 7 verifies (7,/i) G C. 

Theorems 14.11 [01 and have the two following interesting and direct consequences. 

Theorem 4.2. Let us consider 1 < p < 00 and a p-admissible vectorial measure /i — (/io, . . . , /ifc) in a curve 
7. Then the Sobolev space W'''P{'^, fi) is complete. 

Theorem 4.3. Let us consider 1 < p < 00 and a p-admissible vectorial measure fi = (^0, ■ • ■ , A^fc) in a curve 
7. Let Kj be a finite union of compact arcs contained in 17^^^ , for < j < k and Jl a right ( or left) completion 
of fi. Then there exist positive constants C3 — C3{fi, Kq, . . . , Kk-i) and C4 = c^ljl, Kq, . . . , Kk-i) such that 
for every g G ^^^'^(7, fi), there exists go G ^^'''^(7, /i), independent of Ko, . . . , Kk-i, C3, C4 and Jl, with 

11.90 - gWw.pi-r.t^) = , 

k-l 

C3 \\go^\\L-=^{Kj) < \\go\\w>'-P{i,tj.) = ll5llvK''.P(7,Ai)' "^4 llffO || VK''.p(7, Jl) < llsll W"=.p(7, • 

j=0 

Furthermore, if go, fo o,re, respectively, these representatives of g,f, we have with the same constants C3,C4 

k-l 

C3 ^ llffo"''' ~ fo^\\L°°{K,) < Wg - /1|w*.J'(7,m)) C4 \\go - /o||w"».J'(7,7I) < lls - /IIh"=.p(7,m)- 

Proof. In order to prove Theorem l4.11 without loss of generality we can assume that il'"^ is connected: if it has 
connected components {O™}™ with compact sets for each O™ which guarantee that (7nO™, /x) G C, 

the compact sets obtained by a diagonal process 

Ml, Ml Ml Ml Ml Ml Ml Mi, Mi, M^, Aff , . . . 
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guarantee that (7, ^) £ C (smce there is no relation between the values of a function / G W'''^{j, fi) in two 
different connected components of fi^^)). 

Let us consider the connected components {A\}\^a of lli U • ■ • U ilk- Recall that Si'"' \ (fii U • ■ • U rjfe) is 
a discrete set (see the Remark before Definition l3.8l) . Moreover this set cannot have any accumulation point 
m Since 57^°^ is connected, we can take the set of indices A as one of the following sets: Z, Z+, Z 

or {1, . . . , N} for some natural number N, with the property that sup Aa = inf Aa+i =: /3a if A, A + 1 e A. 
Then, Aa = (/3a-i,/3a). 

We need to make some remarks about the structure of /C(7, /i). 

By Proposition l4.11 the functions / G /C(7, /i) verify /|a;^ G ^^i^-i each connected component Aa, where 
= min{m > : flm H Aa 7^ 0}. If we define 

jx := min {0 < m < f : tt(supp^™ n O'™) n Al) > f - m} , 

then f\f^^ G Pjx-i (with the convention P_i = 0): we just need to remark that if (supp/i^ n il^™) n Aa) > 
— m, then /^"^Ia^ is zero in at least — m points; since f^"^^\Ax G ^j\-i-m, then /^'"^|a;^ ~ and 

Consequently, we can write 

/Ia, (z) = bj^_,z^^-' + h]^_2Z^^-^ + . . . + + 6^ 
Since supp^j n Jl*^^-' n Aa is a finite set for < j < Ja, the other conditions on / in Aa can be written as 

(2) /(^^ {z^^) = for < j < JA, 1 < i < m] , 

where the points {z^j}ij are the points with positive /ij-measure in 

Then ([2]) is a homogeneous linear system of itlq + + ■ • • + m^^_i equations with the j\ unknowns 
bj^_i,bj^_2T ■ ■ '^i^^o^ whose solution represents the restriction of the functions in /C(7,/x) to Aa in the 
basis {z^>-~\z3>--\...,z,l} of Pj^_i. 

On the other hand, if A, A + 1 G A, we have 

(3) f^'^ (/3a ) = iPt ) - if /^A is j-regular, < j < A: , 

where as usual /'•-'•'(/^a ) ^^'^ f^''Hf^\) denotes respectively the left and right limits of f^^^ in (3\. Note that 
we always have fiPx) = fiPx): since /?a G fl^-^^ (recall that fl'-^'> is connected). 

Hence, the space /C(7, /i) is the solution of the linear system given by ^ for every A G A and ^ for every 
A with A, A + 1 G j4. In a similar way, the space JC{[P\i , /Sa^], is the solution of the linear system given by 
(12) for every A^ < A < A^ and © for every A^ < A < A^. 

The coefficient matrix of the system for ]C{j,fi) have no clear structure: the equations for any fixed 
A G ^, separate the jx unknowns bj^_i,bj^_2, ■ ■ ■ , 6^, 60, from the rest of unknowns; however, the equations 
([3]), mixed these unknowns with others. Furthermore, we can not assure that the coefficient matrix represent 
a bounded operator in P (or even in l'^, for some 1 < q < 00); besides, /C(7,/i) is the set of all solutions of 
these equations (it is not the set of solutions in some appropriate space). 

We begin now with the proof. We assume that the set of indices A is Z+: ii A = the argument is 
similar; if A = Z we just need to combine the argument to the right and to the left of 0; if A is a finite set, 
the proof is direct since then the equations which define /C(7,/i) are a finite linear system. 

We assume first that /3q G ii*-"-'. Let us consider the sequence {dimlC{[Po, Px], ^J■)}x, and define m := 
lim inf A^oo dim IC{[(3o, f3x], ^J■)■ 

If m < 00, there exists a subsequence {A„}„ with dim/C([/3o, /3a„], ^i) = m for every n. We prove first that 
there exists m points zi, . . . , Zm G [/3o, Pxi], such that the linear system with the equations of A^([/3o, Pxi], m) 
and the m equations /(zi) = 0, . . . , f{zm) = has just the trivial solution: 

Let us choose a countable dense set {g„}„ in [(3o,Pxi]- Since any / G W''''''{j, fi) is continuous in Q^^\ 
the countable system of equations f{qn) = has just the trivial solution / = in /C([/3o, /JaJ, m)- Hence, 
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if the linear system for /C([/?o, Pxi], m) ^ unknowns, wc can choose r points {qm , • ■ • , 9n,,} such that the 
system of hnearly independent equations /(^ni) = 0, . . . ,f{qn^) — has just the trivial solution / = in 
IC{[Pq, Pxi], ^J,)■ Since dim/C([/3o, /J^J, /i) = m, there exist e {(7„j , . . . , (7„^}, such that the linear 

system given by the equations of /C([/3o, /^aJ, and f{zi) = 0, . . . , f{zm) — has just the trivial solution. 
Hence, each equation f{zi) = (1 < i < m) is linearly independent of the equations of A^([/3o, /3aJ, /i). If we 
define /i' = (/iQ,/ii, . . . where /Iq = /io + X^I^i ^zii then /C([/3o, /^aJ, m') — 0> and /ig is minimal in the 
following sense: if /ig = /ig — (Jz^ with 1 < io ^ "m and = (/Xg,/ii, . . . ,/ife), then A^([/3g, /3aJ, ^") 7^ (in 

fact, dim/C([/?g,/3Aj,M") = l)- 

We prove now that the m equations f{zi) = 0, . . . , f{zm) = are linearly independent with the equations 
in /C([/9o, /3a„], Ai) for every n > 1. Since dim/C([/3g, /3a„], — rn for every n > 1, this fact proves that 
A^([/3o7 /3a„], m') = and ^g is minimal for every n> 1. This gives that (7, /i') e Co and (7, ^) G C. We have 
proved the case n — 1; therefore, we can consider the case n > 1. 

The unknowns in /C([/?o, /^aJ, m) appear also in the m equations /(zi) = 0, . . . , f{zm) = 0, and in 

(4) /t^') (/3,- ) /(■'") (/?+ ) , if is j-regular, < j < A; . 

The equations of /C([/3g, /JaJ, and f{zi) — 0, . . . , f{zm) = are the equations of /C([/3g, /JaJ, A^')- We 
know that /C([/3g, /SaJ, m') = 0; and then these equations have just the trivial solution. Hence, / = in 
[/5o,/3ai] n and Q is equivalent to 

(5) = /(^) (/?+ ) , if /3ai is j-regular, 0<j<k. 

Since the equations in /C([/9o, f3\„], /i') are equivalent to the equations in /C([/3o, /5ai], m'); ® and the equations 
in A^([/3ai , /3a„], m)i and the unknowns in /C([/3g, /3aJ, /J.') are neither in ([5]) nor A^([/3ai , /?a„], m)i the equations 
in /C([/3g, /3ai], m') (in particular, f{zi) = 0, . . . ,f{zm) = 0) are linearly independent with the equations ([5]) 
and /C([/3ai , /3a„], m)- Since we have proved above that f{zi) = 0,...,f{zm) = are linearly independent 
with the equations of /C([/?g, /JaJ, m); deduce that f{zi) = 0, ...,/(zm) = are linearly independent 
with the equations of /C([/3o, /3a,J, Z^)- Since dim/C([/3o, /?a„]7 /^) = ^ for every n > 1, this fact proves that 
A^([/3o, /3a„], m') — and /ig is minimal for every n > 1. Then, (7, /i') S Cq and (7, /i) G C 

If TO = 00, consider Ai with dim/C([/3g, /^aJ, m) — niin{dim/C([/?g, /3a], A*) • ^ ^ ^"^i- ^s in 

the last case, we can find zi, . . . , Zmi C [/3o,/3aJ, such that the linear system given by the equations of 
/C([/3o, /3ai], m) and f{zi) = 0, . . . , f{zmi) = has just the trivial solution. Hence, each equation f{zi) — 
(1 < i < TOi) is linearly independent of the equations of /C([/3o, /^aJ, m)- If we define fi^ = {^l,fii, . . . , fik), 
where /ij = /io + ' then /C([/3o, /^aJ, M^) — 0> and /ij is minimal. 

Let us assume now that we have and = (/J,g, /ii, . . . , /ife), where /Xg = Mo + X]i='i '^•^i ' ^iiPoi PxAi t^^) — 
0, and /J,g is minimal, for 1 < r < n. We choose A„+i with dim/C([/9g, /3a„+i], m) = niin{dim/C([/3o, /3a], /i) : 
A > A„} :— run+i — rrin. As above, we can find z^^+i, . . . , z,„^^j C [/3o, /3a„+i], such that the linear 
system given by the equations of A^([/3o, /?a„+i]j m") and f{zm„+i) = 0, . . . , /(zm„+i) = has just the trivial 
solution. Since /C([/3o, /9a„], m") = 0, it is clear that z^^+i, ■ ■ ■ , Zjn„^i C (/3a„, /3a„+i], and each equation 
f{zi) = (to„ + 1 < i < TO„+i) is linearly independent of the equations of /C([/3o, /3a„+i], m")- If we define 
^"+1 = (/i^+i, /ife), where /x^+i = Mo + E™!""' '5-., then /C([/3o, /3a„+J, = 0, and Mo^' is 
minimal. This process defines inductively the measures {/J."}n and the points {zi}\^i, with I := lim„^oo rrin, 
and we can consider fi' with /ig := /ig + X]'=i '^zi' [/5oj/3a„]- The argument as above shows that 

(7,//') G Co and (7,/i) G C. 

If /3o ^ we can not use the same construction since [/3o, /3a„] ^ ri*-*^'. We can avoid this problem by 
choosing a sequence {a„}„ G (/?o,/3i) converging to /3g and such that supp/ij n fi'^-'^ fl (/?o,/3i] ^ [an,/3i] for 
every n and every < j < jx^: it is enough to consider A/„ :— [q;„,/3a,J- D 



We deal now with the class Co- 
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Theorem 4.4. Let us consider 1 < p < oo and a p-admissible vectorial measure /i — (/io, . . . , /ifc) in a curve 
7. Let us assume that every function f G /C(7, /i) verifies f" = a.e. m ili U • • • U flk- Then, (7, /i) G Co i/ 
and only i//C(7,/i) = 0. 

One can think that, in a similar way to Theorem l4.H perhaps the conclusion of Theorem 14.41 holds without 
the hypothesis on /". However, this is not true. In fact, Theorem 14.41 is sharp in the following sense: its 
conclusion does not hold if we substitute the hypothesis "/" = a.e. in fii U ■ • • U ilk" by "/"' = a.e. in 
rii U • • • U fife", as the following example shows. 

Example. Fix 1 < p < 00 and consider a finite p-admissible vectorial measure fj, = (/io, MI7 M2, Ms) in the 
compact interval 7 :— [0, 1] defined as follows: 

00 00 
Mo := X! 2"™52-2™-i , /ii := ^ 2-'"53. 2-2^-2 , 

771 — 7n — 

00 

^2 :=0, ws{x) := ^(2-2™~a;)2^'-i(x-2-2™-2)2p-i^^^_^_^^^_^^^(^)^ 

771 — 

It is not difficult to check that ^1 = ^2 = 0, ^3 ^ (0, 1) \ U^,^^{2-^"'}, 17(0) ^ (q, 1] (since 2p - 1< 3p - 1; 
see Remark 1(b) after Definition [331) and fl''^^ = f^f^) ^ (q, 1) \ U^^i{2-2™}. 

Let us see first that /C(7,Ai) = 0. Consider / G /C(7,^). Then /"' = a.e. in (2-2™-2 2-2™) and hence 
fm ■= /|(2-2'n-2,2-2'n) G ^2 f^or each m > 0. It is not difficult to see that the equations /m(2-2™-i) — Q, 
f^{3 ■ 2-2m-2) are equivalent to the equations /m(2-2™-i) = 0, /m(2-2™) ^ (3 ■ 2-2™-2 is the 
middle point between 2-2™-i and 2-2™). Since 2-2'"-2 g then /™+i(2-2™-2) ^ j^(2-2m-2) ^ q, 

and consequently /™(2-2'"-2) = q, /m(2-2™-i) ^ o, /™(2-2'") = o, for each m > 0. Then, /„ = for each 
m > 0, and / = in (0, 1]. Hence, /C(7, ^) = 0. 

However, (7,/i) ^ Cq: if we define M„ := [2-2"-2 -^J^ ^fJQ Q^n find a function g„ G /C(Af„,/i) \ 0, for 
instance, 

f(x-2-2")(x-2-2«-l), if a;e [2-2n-2^2-2«] , 

^"■~jo, if a; G [2-2", 1] . 

It is easy to check that for any choice of compact sets M„ C (0, 1] we also have /C(Af„,//) ^ 0, and then 
(7,m) i Co. 

Proof. As in the proof of Theorem 14.11 without loss of generality we can assume that ri'^") ig connected, 
and we can consider the connected components {Aa}agA of Sli U • • • U fife. Recall that we can take the set 
of indices A as one of the following sets: Z, Z+, Z- or {1, . . . , N} for some natural number N , with the 
property that sup Aa = inf Aa+i if A, A -I- 1 G A. 

We need to make some remarks about the structure of /C(7, /i) in this particular case. 

The functions / G /C(7,/i) verify /" = a.e. in every connected component A^; then /'|a;^ is constant, 
since /' G ACioc{^'''^^) ^ ^C';oc(Aa), and consequently /|aa £ IPi! furthermore, the other conditions on / in 
Aa can be written as 

(6) /(^) (-^j) = for j = 0, 1, 1 < i < . 

Roughly speaking, the points {zj}ij are the points with positive /ij-measure in Aa- More concretely: If 
Hi (Aa n fi'^)) > 0, then /'|aa = and /|a^ G Po; this condition is equivalent to f'izj) — for any G Aa. 
If supp/io has at least two points {zq,Zq} in Aa H fi^^), then /|aa — and this condition is equivalent to 
/(zg) = /(zg) = 0; if supp^o has exactly one point {zq} in Aa n 17^°), then the condition is /(^o) = 0; if 
/xo(Aa n r2(°)) = 0, then there is no additional condition. 

If we write in Aa 

f{z) = Siz + Sq , 
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we see that ([6]) is a homogeneous linear system of mo + mi equations with the two unknowns Si, So, whose 
solution represents the restriction of the functions in /C(7,/i) to Aa in the basis {z, 1} of Pi. Note that the 
constants Si and m; obviously depend on A. 

On the other hand, if A, A + 1 e A and :— sup Aa — inf Aa+i, we have 

(7) /W(/3-)^/0)(/3+), if /3a is j-regular, J = 0, 1 , 

where as usual /'■"'•' (/^a^) f^''HPx) denotes respectively the left and right limits of f^^^ in /3a- Note that 
we always have /(/3^) = f{P\ ): since /3a £ ri^*^-* (recall that ri*^") is connected). 

Let us remark that the condition /'(/3^) — /'(/3a ) (which appears if and only if /3a G fi^^^) implies 
that /|aaU{/3a}uAa+i S Pi. Consequently, it is natural to consider the connected components {r„i}„igB of 
r^i U • • • U rJfc U {/3a : /3a G f^^^-*}; we can take the set of indices B as one of the following sets: Z, Z+, or 
{1, . . . , N} for some natural number N, with the property that Tm — (ftm-i, im) (then supFm = inf r„i+i — 
a,n if m, m + 1 G B). We have /|r„ G Pi for each m £ B. The other conditions on / in T„i can be written 
as 

(8) /^^^(Cj) = for J = 0,1, l<i<nj. 
If we write in 

f{z) = aiz + ao , 

we see that (|8]) is a homogeneous linear system of uq + ni equations with the two unknowns ai,ao, whose 
solution represents the restriction of the functions in IC{-j,ii) to r„ in the basis {z, 1} of Pi. Note that the 
constants and rii obviously depend on m. 
On the other hand, we have 

(9) = ifm,m + lGS. 

Then we have that IC{j,^i) is the solution of the linear system given by ([8]) for every m G B and ([9|) for 
every m £ B such that m + 1 G -B (we also have that IC{j, /i) is the solution of the linear system given by 
© for every A G ^ and ([7]) for every A G ^ such that A + 1 G A). Consequently, the elements of /C(7, /i) are 
linear splines. 

We describe now an algorithm, which we call extension process, in order to construct a function in 
)'^{^m>mo^m, \0 undcr the hypothesis K-iTm, A^) 7^ for every m > toq. Given a function / G /C(r„j, /i) \0, 
we can extend it to a function / G /C(r„i U {a,„} U r„j+i, /i) \ as follows. If f{a„i) = 0, it is enough to 
define / = in Tm+i- If f{a,m) — S 0, we need to define / in Fm+i as 

f{z) = aiz + ao , 

with /(a,„) — S and perhaps one additional condition (it is not possible to have more than one condition, 
since then /C(rm_|_i, /i) = 0, which is a contradiction). If there is no more condition, we define / in r,„+i 
as the function with graph the straight line joining (&„, S) with (am+i, 0); if we have the condition /(Co) = 
0, we define / in T^+i as the function with graph the straight line joining (a,„,(5) with (Cg,0); if we 
have the condition /'(Ci) = 0, we define / = 5 in Tm+i- Now, since /C(rmo,/i) 7^ we can choose a 
function / G IC(Tmo: t^) 0; applying inductively the extension process, we can extend / to a function in 
IC{ U,„>„i„ T„i,n) \ 0. 

We begin now with the proof. Remark 2 to Definition 13. Ill shows that if (7,/i) G Co, then /C(7,/i) = 0. 
Assume now that /C(7, /i) = 0. Consider the connected components {T„i}„i^b of fii U • • • U fifc U {/3a : (3\ G 

It is clear that there exists m £ B with /C(r„j,/i) — 0, since otherwise the extension process for m > mo 
and m < mo, gives a function / G /C(7, /i) \ 0, which is a contradiction. 
Consider the ordered subset {mj}j C B with JC(Tmj , = 0- 

(A) Let us note first that if i < j, then /C( Um=mi r^, /i) — 0. It is trivial if nij = rrii + 1; then we can 
assume that mj > m^ + 1. This space is the solution of the linear system given by ([5]) for every m^ < m < m^ 
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and ([9]) for every rrii < m < mj; since the unknowns in /C(rm. and IC{Tmj,IJ') are 0, the hnear system 
with the unknowns in /C( ^m=m +i ^m,fj) is "isolated" of the rest of equations of /C(7,/z): conditions 

/(OmJ = /(OmJ , /(a„^._i) = /(a^.-i) , 

are in fact 

= /«), /(a-^_J = 0, 

since /C(rm. = and /C(r„i^. = 0. Since /C(7,/i) = 0, every unknown in /C( ^^mLmi+i ^m,lj) is 0, and 
we conclude that Um=mi r^,^) = 0. 

(i?) If {mj}j has a maximum to*, then for any M > to* we have U^^,„. rm,/i) = 0: Seeking for a 
contradiction assume that there exists / G /C( U^^„. Tm, m) \ 0- The extension process (since ICiTm, A^) 7^ 
for every to > m*) gives a function / S /C( Um>m* Tm, m) \ 0. Since IC{rm* , m) = 0, then / = in Fm* and 
we can extend it as / = to Um<„i.r„j, obtaining a function in /C(7, /i) \ 0, which is a contradiction. Then, 
we conclude that /C( U^^„. r„i, ^i) = for any M > m* . 

iC) A similar argument proves that if {nij^j has a minimum to^, then for any M < we have /C(u™JLj^j 

r,„,^) = 0. 

The facts (A), (B) and (C) allows to choose easily the sets M„ with /C(M„, /^) = verifying the properties 
which guarantee that (7,/i) G Cq: 

Assume that B = Z (the other cases are easier). 

If linij^-oo "m-j = —00 and limj^oo nij = 00, we can choose M„ = ^m=m-n^rn ■ 

If limj^_oo = ^00 and to^ < to* for every j G Z, we can choose M„ = U™^"^_^r„i . 

If TO* < TOj for every j G Z and limj^oo = 00, we can choose Mn = ^m=m,-nXrn ■ 

Finally, if to* < TOj < to* for every j G Z, we can choose M„ = ^m^m^-n^m ■ D 

Theorem 14.41 and Proposition 14.11 give the following: 

Theorem 4.5. Let us consider 1 < p < 00 and a p-admissible vectorial measure fi = (/xq, . . . , ^fc) in a curve 
7. Let us assume that every connected component of fliU ■ ■ ■ UQk intersects fig U ili U • Then, (7, n) G Cq 
if and only if ]C{^, 11) — 0. 

As a corollary we obtain the following result. 

Theorem 4.6. Let us consider 1 < p < 00 and a p-admissible vectorial measure /i = {fio, . . . , /ifc) in a curve 
7, with fc = 1 or k = 2. Then, (7, fi) G Co if and only if 1C{'^, I-J.) = 0. 

Theorems 14.61 and 13.21 give the following direct consequence. 

Theorem 4.7. Let us consider 1 < p < 00 and a p-admissible vectorial measure fi = {fj,Q, . . . , /i^) in a curve 
7, with k = 1 or k — 2. Let Kj be a finite union of compact arcs contained in for < j < k and Jl a 

right (or left) completion of fi. IfJC{"f,fi) = 0, then there exist positive constants ci ~ ci{fi, Kq, Kk-i) and 
C2 = C2{'p, Koi Kk-i) such that 

k-l 



5. Results on the multiplication operator. 



Recall that when every polynomial has finite iy'^'^'(i5, /i)-norm, we denote by P'^'^'(i?, /i) the completion 
of P with that norm. Since our aim is to bound the multiplication operator in F'''P{E, fi), in this section we 
just consider measures such that every polynomial has finite Sobolev norm. Hence, for any < j < k, 
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and consequently, /i is finite. 

M. Castro and A. Duran [4] proved that if the multiplication operator is bounded in P'"''P(/i) then the 
support of fi is compact. Then, we just need to consider finite vectorial measures with compact support. In 
this case, we usually have P'^'P{'-f, fj.) = W'''P{'y, n) (see |1] Theorem 6.1]). 

First of all, some remarks about the definition of the multiplication operator. We start with a definition 
which makes sense for measures defined in arbitrary Borel sets E C_ C (not necessarily curves). 

Definition 5.1. If fi is a vectorial measure in the Borel set E C_ C, we say that the multiplication operator 
is well defined in P^'P{E, ^) if given any sequence {s„} of polynomials converging to in the W'''^{E, 
norm, then {zSn} also converges to in the W'''^{E, ii)-norm. In this case, G P'''P{E, fi), we 

define A^({q„}) := {zq„}, where z is the independent variable. If we choose another Cauchy sequence 
{rn} representing the same element in P'''P{E, n) (i.e. {qn — r„} converges to in the W'''^{E, ^)-norm), 
then {zqn} and {zrn} represent the same element in P^''p{E, ji) (since {z{qn — ?"«)} converges to in the 
W'''P{E,n)-norm). 

We can also think of another definition which is as natural as the previous one in the case of curves. 

Definition 5.2. If fj, is a p- admissible vectorial measure in 7 {and hence W'''P{'y, n) is a space of classes 
of functions), we say that the multiplication operator is well defined in W'''P{'-f, fi) if given any function 
h e V^'P{'~f, jj.) with ||/i||iy'='P(7./i) = O7 have \\zh\\^^k,p(^^^^-^ = 0. In this case, if[f] is an equivalence class in 
W'''P{'y, n), we define A4{[f]) :— [zf]. If we choose another representative g of [f] {i.e. \\f — g\\w''-p{'y,p,) ~ 0) 
we have [zf] = [zg], since \\z{f - g)\\w''.P(.y^^,) = 0. 

Although both definitions are natural, it is possible for a p-admissible measure /x with W'^'P{'y, n) — 
P'^'P(7, /x) that M is well defined in ^^'^'^(7, ^) and it is not well defined in P'^'P(7, //) (see the example after 
[271 Theorem 4.2]). The following elementary lemma characterizes the spaces P^'P{E, /i) for which M is well 
defined. 

Lemma 5.1. ([H Lemma 8.1]) Let us consider 1 < p < 00 and fi — (/io, • . . ,/ifc) a vectorial measure in a 
Borel set E C C The following facts are equivalent. 

(1) The multiplication operator is well defined in P^'P{E , ji) . 

(2) The multiplication operator is bounded in P^'P{E^ (i). 

(3) There exists a positive constant c such that 

WzqWw.piE^i) < c hWw'PiE,,,) , for every q€¥. 

Definition 5.3. A vectorial measure fj, = (/zq, . . . , ^k) in the complex plane is extended sequentially domi- 
nated (and we write pi G ESD) if there exists a positive constant c such that fJ.j+i < c fij for < j < fc. 

This kind of measures plays a main role in the study of the multiplication operator: 

Theorem 5.1. {[l] Theorem 8.1]) Let us consider 1 < p < 00 and 11 = (/ip, . • . , ^J■k) 0, finite vectorial measure 
in a compact set E. Then, the multiplication operator is bounded in P^'P{E, n) if and only if there exists a 
vectorial measure ji' G ESD such that the Sobolev norms in W'^'P{E, fi) and W'^'P{E, are comparable on 
P. Furthermore, we can choose fi' = (/ig, . . . , fi'f.) with fi'j := j^ij + /ij+i + ■ ■ ■ + fJ-k. 

Although this result characterizes the measures with Ai bounded, it is convenient to obtain more practical 
criteria in order to guarantee the boundedness of A4. 

If we consider the case of a curve = 7, we have the following results. 

First, let us note that the multiplication operator A4 is bounded in W'^'P{'^, fj,) if and only if there exists 
a positive constant c such that 

\\zf\\w''-p('r,tJ.j) < c \\f\\wi'-p(j,tJ,) J 
for every / G V'''P{'y, fi). Consequently, if M is bounded in W''''^{j, fx) and P C W'''P{'y, fi), then it is 
bounded in P'''P(7,/i), since W'''P{'-f,fi) is a complete space by Theorem 14.21 

The following result characterizes when is a well defined operator in W'''P{'-f, fi,). 
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Theorem 5.2. Let us consider 1 < p < oo and a p- admissible vectorial measure fj, in "f. Then the multipli- 
cation operator Ai is well defined in W^^'^lj, fi) if and only if IC{'y,fi) — 0. 



The proof of this resuh is similar to the proof of [271 Theorem 4.2], which is a version of Theorem l5.2l for 
intervals instead of curves. 



One can think that, in a similar way to Lemma 15. 1|, the multiplication operator A4 is well defined in 
W'''P{'^, fi) if and only if it is bounded in W'''P{'y,ii). However, this is not true, as the example after [27t 
Theorem 4.2] shows. 

Lemma 5.2. Let us consider 1 < p < oo and a p-admissible vectorial measure fi in a compact curve 7. 
Then, the multiplication operator Ai is bounded in W'''^{'j, ^) if and only if there exists a positive constant 
c such that 

II./^^"^^IIlp(7.P,) < C 11/11 W'=>P(7.P) ' 

for every 1 < j < k and f G V'^'P{'y, fi). 

The proof of this result is similar to the proof of 27, Lemma 4.2], which is a version of Lemma [5.21 for 
intervals instead of curves. 

Definition 5.4. Let us consider 1 < p < 00, a curve 7 and zg, zi G 7. We say that a weight w in j is right- 
consistent (respectively, left-consistent j in [zo,zi] if _^^^{w,w) < 00 (respectively, ^^^{w,w) < 00). 

Remark. It is easy to see that if a weight w is comparable to a non-decreasing function w*^ in [zo,zi] 
(respectively, non-increasing), then it is right-consistent (respectively, left-consistent) in [zo,zi]: 

<c sup L{[zo,z])w°{z)(l{[z,zi])w"{z)-^/'^p-'' 

zo<z<zi ^ 

= c sup L{[zo, z]) L{[z, zi]Y^^ < 00 . 

Zq<Z<Zi 

Note that w = in a right-neighborhood of zq (or in a left-neighborhood of zi), and even in [zo,zi], is 
allowed. 

Lemma 5.3. Let us consider 1 < p < 00, a curve 7, zq, zi G 7 and a right- consistent weight w in [zq, zi]. 
Then the largest open set U C (zo,zi) with w G Bp{U) is (a, zi), for some zq < a < zi. Furthermore, if 
J^^ w > Q, then a < zi and w G Bp{{a, zi]). Besides, if w > a.e. in [zq, Zq] for some Zq > zq, then a = zq. 

A similar result holds if w is a left-consistent weight in [zq, zi]. 

Proof If J^^ w^O, then [/ = = (zi, zi). If J'^ w > 0, define 

a := inf • 



Zq 



|z G (zo,zi) : / w > i 
^ = {a, zi). Let us fix z G (1 



It is clear that a < zi. We show now that U = {a, zi). Let us fix z G (a, zi); then 

,p-i 



and consequently 

yj-^/iP-^^y <O0. 



Hence, w G Bp([z, zi]) for any z G {a, zi). Then {a, zi) C U and w G Bp{{a, zi]). If w > a.e. in [zq, Zq] for 
some Zq > Zq, it is clear that a — zq. 

If a = Zq, the proof is finished. If a > zq, then J^^w = and hence w — a.e. in [zo,q;] and 
Jj — 00 for any open arc / C (zq, a). Consequently, (zq, a) r\U ~ 0, and U ~ {a, zi). □ 
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Definition 5.5. Consider I < p < oo, a compact curve 7 = [zq, zi] and a vectorial measure fj, — (/io, • ■ • , Mfc) 
in 7. We say that ^ is of type A if it is finite and strongly p- admissible in 7 and there exist points 
ai = zq < 0,2 < ■ ■ ■ < a„_i < On = Zi in ^ and integers < kj < kf < k {1 < i < n) such that wj =0 a.e. 
in [ui, fli+i] for kf < j < k if kf < k, and for each 1 < i < n we have either: 

(1) kf^O, 

(2) U)fc2 e B.p{[ai,a,+i]), 

(3) for every k} < j < kf , Wj is right- consistent in [ai,ai^i]; if kj > 0, we also assume € 

(4) for every k} < j < kf , Wj is left- consistent in [0^,0^4.1]; if kj > 0, we also assume a~^i 

(5) for each kj < j < kf, Wj is either right- consistent or left- consistent in [oi^Oi^i]; if k} > 0, we also 
assume [aj,aj+i] C Q^'^i^^^K 

Remarks. 

1. The definition itemizes much more cases in order to cover many possible behaviors of the weights. For 
instance, the case ^ = in some (0^,0^+1) is allowed (it is contained in the case (1)). In the same way, we 
could choose kf := k, but by taking general kf we even allow the possibility of different number of non-zero 
weights in each subarc. 

2. This class of measures includes many usual measures, as the Jacobi, Jacobi-Angelesco and Polacheck 
weights, and measures of type 1 or 2 in [23] and [1] . 

3. The hypothesis [ai,aj-|.i] C if kj > in (5) is not very restrictive: Lemma [5.31 implies this 
condition if there exists kj < ji, j2 < kf with wj-^ right-consistent in [a^, a^+i] and Wj-^ > a.c. in [a^, a'J for 
some a[ > a^, and Wj^ left-consistent in [0^,0^+1] and w^v, > a.e. in [a^_|_]^, Oj+i] for some a[^i < Oj+i (then 
(ai,a,+i] C ^lOi-i) g Q{kl-i) g^^^ 

[ai,ai+i) C fi(^2 1) (_ fiik] i)y Using the same argument, we can check 

that (5) holds if we have either: 

(5') for every kj < j < kf, Wj is right-consistent in [a^, a^+i]; if kj > 0, we also assume G Q^'^^ and 
Wj > a.e. in {oi, aj) for some a'^ > Oi and some k} < j < kf, 

(5") for every kj < j < kf, wj is left-consistent in [0^,0^+1]; if kj > 0, we also assume a^j^ £ 
and Wj > a.e. in {a[_^_i, Oi+i) for some a[_^_i < Oi+i and some kj < j < kf. 

Theorem 5.3. Let us consider 1 < p < 00 and a vectorial measure fi of type A in a compact curve 7. Then 
the multiplication operator A4 is bounded in W'''P{'y, fi) if and only i//C(7,/i) = 0. 

Remark. Condition /C(7,/z) = is easy to check in practical cases. Propsition 15.11 gives a simple charac- 
terization if fc = 1. Although it is not possible to describe in an explicit way the measures with ]C{"f,fi) = 
for any k (if ili U • ■ • U fife is connected, then this description is equivalent to solve the Birkhoff interpolation 
problem, see e.g. [15]), there exists a simple sufficient condition: it is easy to check that if supp/zo has at least 
k points in each connected component of fii U • ■ • U Jlfc, then IC{'j,fj,) — 0. Theorem 15.61 below characterizes 
/C(7,/^) = for a special kind of measures. 

Proof. If M is bounded in W'''P{j, fj,), then it is well defined in W^^'^lj, fi). Since /i is a p-admissible vectorial 
measure in 7, by Theorem 15.21 we deduce that ]C{j,fi) ~ 0. 
Let us assume now that /C(7, /i) — 0. 

We prove first that ri(°) \ (fii U • • • U Qk) is a finite set. Since Q''^^ C QiU ■ ■ ■ Uflk, by the Remark before 
Definition 13. 8i it is enough to prove that [oi, a^+i] fl fii U • • • U \ (ili U • • • U ilk) is a finite set for each 
1 < z < n. 

Let us fix 1 < i < n. 

If we are in case (1), then kf = and {oi, Oi+i) Ci (fii U • ■ • U fife) = 0. 

Consider now the case (2). Then, 1/7^,2 g Bp{[ai, Oi+i]); therefore (0^,0^4-1) C fl^^ and [ai,ai4i] n 

U • • • U fife = [ui, ai_|_i]; hence [a^, 0^41] n fii U • • • U $7^- \ (fii U • • • U flk) ^ {a^, 0^41} and it has at most 
two points. 
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Let US assume that we are in case (5). If k} = kf, we do not require that Wj be consistent in [ai,ai+i], 
but then we are either in case (1) if kf = 0, or (2) if kf > 0: condition [ai,ai+i] C fiC^i^i) imphes 
e Bp{[ai, fli+i]), since wj = a.e. in [a.;, ai^i] for kf < j < k if kf < k. Hence, without loss of generality 
we can assume that k} < kf. For each kf < j < kf with Wj right-consistent in [0^,0^+1], by Lemma I5.3i 
(ai,ai+i) n flj = (ofy , flj+i), for some < cty < ai^i- In a similar way, for each kf < j < kf with Wj 
left-consistent in [a^, a^-i-i], we have that {at, ai^i) n = {ui, Pij), for some < Pij < 0^+1. If we define 

ai := mill {ay : kf < j < kf and Wj is right-consistent in [a^, Ci+i] } , 
Pi := max : kf < j < kf and Wj is left-consistent in [a;, a^+i] } , 

then (a^, fli+i) n {^kj+i U • • ■ U fifc) = (a^, U (a;, a.,+i). 

If > tti, then (oi, fli+i) \ {ai} C (a^, fli+i) n (fii U • • ■ Ufi/c), and consequently [a^, Oi+i] n f^i U ■ • • U ilfc \ 
(Oi U ■ • ■ U fife) C {flj, tti, a^+i}. 

If < a, and kf > 0, then iP^,a^) n (f^fei+i U • • • U fife) = and [0^,0^+1] C qC'I-'^) C f^j,! U-'-Ufifc, 
and hence {f3i,ai) C fifei. Therefore, (ai,ai+i) \ {/3i,ai} C fifei U • • ■ U fife, and [0^,0^+1] n fii U • • • U fife \ 
(fii U ■ • ■ U fife) C {ai,l3i,ai,ai+i}. 

If Pi < ai and kj ~ 0, then wj = a.e. in {Pi,ai) for every I < j <k, {Pi,ai) n (fii U • • ■ U fife) — and 
(/3i,ai) n fii U • • • U fife = 0. Consequently, [a^, a^+i] n fii U • • • U fife \ (fii U • • • U fife) C {a^^Pi, a^, 0^+1}. 

Consider now the case (3). Then (ai, ai+i) n (fifei+i U • • • U fife) = (a;, Ci+i). 

If kf > 0, then of' £ fi*^*^''. By the Remark before Definition 13. 8[ there exists a[ > such that 
(oi, a'i) C fifei+i U ■ • • U fife, and consequently, ai = ai. Then, (a^, ai+i) C fifei^.^ U • • ■ U fife, and [a^, o^+i] n 
fii U---U life \ (fii U • • ■ U 17fe) C {a», a,+i}. 

If kf — and ai = a^, we also have this inclusion. 

If kf = and ai > a^, then wj = a.e. in (a^, a^) for every 1 < j < k, (a^, a^) D (fii U • • • U fife) = and 
{ai,ai) n fii U • • ■ U fife = 0. Consequently, [oi, a^+i] n fii U ■•■ U fife \ (fii U • ■ • U fife) C {a^, a^+i}. 
The case (4) are similar to (3). 

bmce f7(") \ (f7i U • • • U f)fe) is a finite set and /C(7, /i) = 0, we conclude that (7, fi) G Cq (see Remark 1 
after Definition lS.lip . 

By Lemma 15.21 we just need to show that there exists a positive constant c such that 

(10) \\f^'-'^\\L.i[a.,a.^,U,)<c\\f\\^K.^^^^), 

for every I < i < n, 1 < j < kf (if kf > 1) and / G V''-P{'y, fi). 
Let us fix 1 < z < n. 

If we are in case (1), then kf ~ Q and there is nothing to prove. We can assume now that kf > 1. 
Consider now the case (2). Then, Wj^2 G Bp([ai,ai^i]); therefore [0^,0^+1] C fiC^i"^) and consequently 
[ai,ai+i\ C fi(^^i) for 1 < j < kf; by Theorem 13.21 we have directly 

ll/^-'"^^l|LP([a,,a, + i],Mj) < Cl ||/^^"^^||L-'([ai,ai+i]) < C2 1 1 / |i H"=.p (7,^) ' 

for every / G ^^^'^(7, fi) and 1 < j < kf, since (7, fi) G Cq. 

Let us assume now that we are in case (5). As above, without loss of generality we can assume that 
kf < kf. 

If Wj = a.e. in [0^,0^+1] for some kf < j < kf, then we have 

11/'-'"^^ \\LP([a,,a,+ i],wj) < C \\f\\w>'.P(i,tJ.) , 

for every positive constant c. 
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Fix kj < j < kf with Wj right-consistent in [ai,ai+i] and J^^^^ Wj > 0. Muckenhoupt inequahty gives 
that 

C3||/(^-''(a.+ l)-/'^-'^llL.(K,a.+ ,],^„,) < ll/'^''llLP([a.,a.+ ,],»,), 

Ci\\f^'-'^\\LH[a.,a,+ ^ln,,) < 11/'^'^ l|LP(K,a.+ ,],»,) + | Z^''"- (a,+ i ) | . 

Since /^.'^^ wj > 0, we deduce that wj G i?p([a^_|_]^, ai+i]) for some a'^^-^ < a,;+i, by Lemma [5731 Hence aj+i 
is {j — l)-left-regular (see Remark 1(a) after Definition 13. 6p . Since (7,^) G Co, Theorem 13.21 gives 

|/(^"-l)(a,+ i)| <C5||/||w'=..(7,M)' 

and we conclude 

\\f^^~^''\\LP(lai,ai+i],w^) < C6 1 1 / 1| W'=.p(7,m) ' 

If we fix kj < j < with wj left-consistent in [ai,ai+i] and /^°.'*^ Wj > 0, we obtain a similar inequality. 
Consequently, 

\\f'^^^^^\\LP(lai,ai+i],Wj) < C7 1 1 / 1 1 W.p(7,A') ' 

for every kj < j < kf. 

For each kj < j < kf, we define 

af :— min {aim '■ j < 'm- l£ and Wm is right-consistent in [a;, fli+i] } , 

Pj :— max : j < m < kf and is left-consistent in [ai, ai+i] } . 

Then (ai,a,+i)n(f7j+iU---ur2fe) = (a,, l3f) U (aj , a,+i) and [a^, a^+i] n f^^^) C [a,, a,+i] n %+i U • • ■ U = 
[ai,/?i] U [ai,ai-|_i]; consequently [0^,0^+1] n fi*-^' has at most two connected components. 

Let us assume that [a^, ai+ijnrj*-^^ has two connected components Ai, A2. Since /i is a strongly p-admissible 
vectorial measure, we have that supp(^j|A, )s Q supp(/i*|A, ) ^ A/ C fi^J) C fi^J^^) [I = 1, 2). The smaller arc 
K^j which contains to supp(/ij |a, )s, is a compact arc contained in A; C fi^J^^) (/ = 1,2). Hence, Theorem 
13.21 gives 

ll/^-'"^^llLP([a,,a.+ i],(Mj).) < Cs W/'^^'^^Wl'^^K^uK'^) < ^9 1 1 / 1 1 IV'.p (7,^) , 

for kj < j < kf, since (7,/^) G Cq. If [0^,0^+1] fl fi^-'-' is connected, we obtain a similar inequality. 
Consequently, 

(11) ll/'-'~^^l|LP([a,,a,+ i],Mj) < ClO II/IlvV'».P(7,p) , 

for fcj^ < j < fcf . If fcj?^ = 0, we have finished the proof. 

Assume now that kj > and fix 1 < j < kj. Since [ai, a^+i] C fl'^'^i C fit-J^^' and (7, /i) e Co, Theorem 
13.21 gives again 

ll/^^~^^l|LP(K,a,+ i],A.,) < Cll ||/^^"^^||L~(K,a,+ i]) < Cl2 || / 1| W'=.n7,A') ' 

for all / G V'''P{-/, ^i) and 1 < j < fc,K 

Therefore ([TO]) holds for every 1 < j < kf and / G ^^''^^(7, /i). 

We consider now the case (3). As above, without loss of generality we can assume that kj < kf. The 
argument to obtain (fTTj) is similar to the one in case (5); here, [at, a^+i] n $7'-'-' is connected for kj < j < kf. 
If kj = 0, we have finished the proof. 

Assume now that kj > 0. We have seen that (a^, a^+i) n (ri^i+i U • ■ • U ilk) = ("i, aj+i) in case (3). Since 

af G il'^^i \ by the Remark before Definition 13.81 there exists a[ > ai such that {ai, a[) C f^fci+i U • • • U fife, 

and consequently, ai — ai. Then, (a^, a^+i) C ri^i+i U • ■ • U fi/c C il^-^i\ 
Without loss of generality we can assume that 

kf = min |m < fc : Wj — Q a.e. in [ai, fli+i] for m < j < } ; 

then Wfe2 > 0. 
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Since J^'^^ Wf^2 > 0, we deduce that g Bp{{aii^2 , ai+i]) for some Q;jj.2 < Oi+i, by Lemma [5.31 Then, 
a7_^i e rjC^'-i) C nC'lK Recall that a+ e Q^'^'^K Hence, [0^,0^+1] C rjC^'). 

Fix 1 < j < kj. Since [ajjOi+i] C fiC^^) C ri(J~i) and (7,//) e Cq, Theorem IO gives again 

ll/^^"^^llLP([a.,a.+i],,x,) < Cll ||/^^"^^||L~([a„a.+ i]) < Cl2 || / 1| W"=.p(7,^) , 

for all / G F'='P(7, ^i) and 1 < J < kj. 

Therefore dTUi holds for every 1 < j < kf and / S V'''P{j,fi). 
The case (4) is similar to (3). 

Then pUj) holds for every l<i<n, l<j<kf (if fc| > 1) and / G ^'^'^(7,^). Consequently, Lemma 
15.21 finishes the proof. □ 

As we said, if = 1, there exists a simple characterization of /C(7,/i) ~ 0. This result is interesting since 
in the applications of Sobolev orthogonal polynomials usually appears the case fc = 1. 

Proposition 5.1. Let us consider I < p < 00 and a p-admissible vectorial measure fi = (/io,/^i) in a curve 
7. Then /C(7,/i) — if and only /^o(^) > for every connected component A of fl'^^^ 

Proof. If there exists a connected component A of il^"-' with fioi^) = 0, then Xa G ^(7i ^'^d /C(7, /i) 7^ 0. 

Assume now that iJ-o{A) > for every connected component A of fi^^^^. Fix any connected component A 
of Note that every interior point of A (as a subset of 7) belongs to fli. Consequently, if / G /C(7, /i), 

then /' = a.e. in the interior of A, and / is constant in A. Since /io(^) > 0, then / = in A. Hence, 
/ = in and /C(7, = 0. □ 

It could be interesting to check Theorem 15.31 in some particular case. Consider again the example after 
Definition 13.31 Since /C(7,/i) — spanja:, (a:+)^}, Ai is not bounded, but in order to make M bounded in the 
Sobolev space, it is sufficient to replace ^0 = <5o by a measure with two more Dirac's deltas. 

But, what is the minimum amount of deltas that we need in order to have the multiplication operator 
bounded in the closure of the space of polynomials P'^'P([— 1, 1], /i) with the Sobolev norm? 

We need at least one: In order to have a norm in the space of polynomials (which is equivalent to the 
existence of Sobolev orthogonal polynomials) , we need to replace /zq = by another measure with one more 
delta (the polynomials in /C([— 1, are just the span of x). 

But, in fact, we need two, since, as usual, the Sobolev space is the closure of the space of polynomials 
P3.P([-1, 1],;^) with the Sobolev norm. 

Therefore our definition of Sobolev space gives the sharp result: we see that even if || • |1i4''= p(7,/j) is a norm 
in P, M can be not bounded in P'^'P{-f, we need || ■ ||t4''=-p(7,m) ^ norm in W'''P{-f,fi). 

After this general result, we can deduce three practical consequences. 

Definition 5.6. A function u in a compact curve 7 = [zo,zi] is piecewise monotone if there exist points 
bi = zq < b2 < ■ ■ ■ < bm-i < bfn = Z\ in ^ such that u is a monotone function in [6i,fai+i] for each 
1 < i < m. 

Definition 5.7. Consider 1 < p < 00 and a vectorial measure /i — (/io, . . . , fJ-k) in a compact curve 7. We 
say that fi is of type B if it is finite and strongly p-admissible in 7 and Wj is comparable to a piecewise 
monotone function for any 1 < j < k. 

Remarks. 

1. By monotone we mean non-strictly monotone; hence, it is possible to have Wj = in some arc. 

2. The partition in arcs can be different for each Wj. 

Theorem 5.4. Let us consider 1 < p < 00 and a vectorial measure pL of type B in a compact curve 7. Then 
the multiplication operator Ai is bounded in 14^*^'^' (7, /i) if and only z//C(7,/i) = 0. 
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Proof. We just need to prove that is a measure of type A in 7, with cases (1) and/or (5); hence, Theorem 
15.31 finishes the proof. 

For each f < j < k, there exist points b-[ = zq < b2 < ■ ■ ■ < b-'^j_i < b-'^j = zi in 7 such that Wj is 
comparable to a monotone function in for each 1 < i < . Splitting in two subarcs some arcs if it 

is necessary, without loss of generality we can require also that in each arc [6^ , we have either Wj — 

a.e. or Wj > a.e. 

We consider the points ai = zq < 02 < • • • < a„_i < a„ = zi in 7, which are the ordered points in the set 
{bi}i<i<mi .i<j<k- Consequently, for any fixed 1 <i < n and 1 < j < k, wj is comparable to a monotone 
function in [oi, 0^+1] and we have either Wj = a.e. or Wj > a.e. in [a^, 0^+1]. 

For any 1 < z < n, we define kj := and 

kf :~ min |m < k : Wj = a.e. in [a^, fli+i] for m < j < /c } . 

If k^ — 0, then the arc [ai,ai-(-i] is in the case (1) in the definition of measure of type A. If kf > 0, then 
the arc [ai,ai+i] is in the case (5): the Remark after Definition 13.71 gives that if wj is comparable to a 
non-decreasing function in [ai,ai_|_i] then it is right-consistent, and if Wj is comparable to a non-increasing 
function in [ai,ai_|_i] then it is left-consistent. If Wj = a.e. in [ai,aj+i], then it is both right and left- 
consistent. 

Then is a measure of type ^ in 7 and Theorem 15.31 gives the result. □ 

Theorem 15 .41 gives the following direct result. 

Theorem 5.5. Let us consider 1 < p < 00 and a finite vectorial measure /i in a compact curve 7 such 
that dnj = Wjds and wj is comparable to a piecewise monotone function for any I < j < k. Then the 
multiplication operator A4 is bounded in W^^'^lj, fi) if and only if IC{'y,fi) — 0. 

Theorem 15.51 is an improvement of 27, Theorem 4.3], since here we consider Sobolev spaces in curves 
instead of intervals; furthermore, it is also an improvement of [27l Theorem 4.3] in the case of intervals: 
In [57] we consider a different Sobolev space (in an interval /), which we denote by W^^^{I, n), verifying 
P'='P(/,^) C W'''P{I,ij) C W^f{I,fi). Since we usually have P'='P(/,^) = W''-p{I,ii) W^f{I,fi) (see [H 
Theorem 6.1]), it is obvious that it is better to work with W'^'P{I,^i) in order to obtain results about the 
multiplication operator in P'^'^(/, /^). (The advantage of Wl^f{I, fi) is that it can be defined in a simpler and 
faster way than W'''P{I, fi).) 

Proof. We prove that, with our hypothesis, /i is strongly p-admissible in 7; in fact, we prove that /z* = for 
every I < j < k. Let us fix I < j < fc. Since d/i* := dfj,j — WjX^^ds and fij is absolutely continuous in 7, 
dfi* lUj (I — Xn and we just need to prove Wj = a.e. in 7 \ Clj. This fact is a consequence of Lemma 
15.31 using the notation in the proof of Theorem 1 5. 4) since for each 1 < i < n, we have that Wj is either right 
or left-consistent in [0^,0^4-1], and we have either Wj = a.e. or Wj > a.e. in [0^,0^+1], Lemma 15.31 gives 
either Wj = a.e. or vuj G i?p((ai, a^+i)). Consequently, for each 1 < i < n, we have either Wj — a.e. in 
[ai,ai+i] or (0^,0^+1) C flj] in both cases wj = a.e. in (7\ilj) n [0^,0^+1], and consequently wj — a.e. 
in 7 \ Qj. Then, ^* = for every I < j < A; and hence /n is strongly p-admissible in 7. Therefore, ^ is of 
type B, and Theorem 15.41 finishes the proof. □ 

It is usual that the behavior of a weight is "similar" to some power, in some sense; the following definition 
deals with this case. 

Definition 5.8. Consider 1 < p < 00, a compact curve 7 — [01,04] with \z — oi| x |7~"'^(z) — 7~"'^(ai)| for 
a.e. z e [01,02] and \z — 04! >; |7~^(z) — 7~"'"(o4)| for a.e. z G [03,04], where denotes the inverse of 
some parametrization with 7' G L°°{[ai, 04]), and a vectorial measure /i = (/io, . . . , /ife) m 7. We say that 
is of type C if it is finite and strongly p-admissible in 7, and we have: 

(1) Wk G Sp((oi,a4)), 

(2) for each I < j < k we have either: 
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(2.1) Wj is comparable to a monotone function in [01,02], 

(2.2) Wj e Bp{[ai,a2]), 

(2.3) ci\z ~ Oil^^"'" < Wj{z) < C2\z — ai\^3 a.e. in [01,02], with Pj > —1, 

(2.4) cilz — oi|"j < Wj(2) < C2I2; — oi|"j~^ a.e. in [oi, 02], with a'- > p — 1, 
(3) for each 1 < j < k we have either: 

(3.1) Wj is comparable to a monotone function in [03,04], 

(3.2) Wj e Bp ([03, 04]), 

(3.3) ci|z — 04!^^"'" < Wj{z) < C2\z ~ 04(^3 a.e. in [03,04], with /3j > —1, 

(3.4) ci|z — 04|"j < Wj{z) < C2\z — 04|"j~^ a.e. in [03, 04], with a] > p — 1. 

Remark. In (2.3) and (2.4) we require ci|z — oi|" <Wj{z) a.e. in [oi, 02], with a > p— 1. We also cover the 
other cases in (2.2): If ci|z — oi|" < Wj(z) a.e. in [01,02], with a < p — I, then Wj G Bp([ai, 02]) (without 
any upper bound for wj). 
The same holds in [03 , 04] . 

Theorem 5.6. Let us consider 1 < p < 00 and a vectorial measure n of type C in a compact curve 7. Then 
the following conditions are equivalent: 

(z) The multiplication operator M is hounded in Vl^'^'P(7, //). 

(m) /C(7,^) = 0. 

Furthermore, if J^wi > 0, conditions (i) and (ii) are also equivalent to 
{Hi) fioi-f) > 0. 

Proof. In order to prove the equivalence between (i) and (ii), we just need to prove that /j, is a measure of 
type A in 7 and to apply Theorem 15.31 We deal with the case 1 < p < 00 in order to write l/{p — 1) as a 
real number; the case p = 1 is similar. 

Let us define kl ^ k2 = ~ and /c^ = fc| = A;| = fc. Without loss of generality we can assume that 
0-2 < 0,3', then oi < 02 < 03 < 04. 

Since Wk G Bp ([02, 03]), this arc verifies hypothesis (2) of measures of type A. 

We prove now that the arc [oi, 02] verifies hypothesis (5) of measures of type A. Let us fix < j < k. 
In case (2.1), Wj is comparable to a monotone function in [01,02], and then Wj is right-consistent or 
left-consistent in [01,02]. 

In case (2.2), Wj is also right-consistent in [01,02] (and left-consistent in this interval), since 

. ,(»„«,,) = sup ( I'wM r w-''"-'>Y'' < ( PwM rw-^"'-'>Y~' < CO, 



ai<z<a2 ^Jai ' ^Jz ' ^ J ai ' ^ J ax ' 

In case (2.4), let us consider the arc-length parametrization 7 : [0, l\ — > [oi, 02]. We have 



ai 



,P-1 



(C)|dCl(/ u;,(C)~'/(^-')Kl) " < / C2|C-ai|"?-^|dCl( / cr^/(^-^)|C-ai|-"^"/(^-^VCl) 

< c [ \i'\o - j-\a,r°~p\dc\ i7-i(c) - i-\a,)\-^Vip-^)\dc\y 

|7'(s)| ds ( ^ s-"^"/(P-i) |7'(s)| dsY~^ 
<c' j\'^°-Pds[j\-'^ViP-^)dsY^' 

a° - p + 1 \a° - p + 1^ V 
= c"(l - (i//)(""-P+i)/(P-i))''"' < c". 
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for any z G (01,02) (i.e. t G (0,^)), since > p— 1. Hence, A^j^^ ^^-^{wj^Wj) < 00 and wj is right-consistent 
in [01,02]. 

Case (2.3) is similar to (2.4). 

Therefore, the arc [oi, 02] verifies hypothesis (5) of measures of type A. 

A similar argument proves that the arc [03,04] also verifies hypothesis (5) of measures of type A. Then, 
/X is a measure of type A in 7, and (i) is equivalent to (ii). 

We prove now the equivalence of (ii) and (Hi): 

If fioil) = 0, then 

and consequently 1 £ /C(7,yu) ^ 0. 

If J^wi > and /io(7) > 0, let us consider / e /C(7,/i). Condition (1) gives flk — (01,04), and hence 
Proposition 14. II implies / G Pfc-i- Since J^wi > and \f'\Pwi = 0, we obtain /' = in infinitely many 
points in 7; consequently, / is constant. Since Ho{'j) > and \ f\^^J,o{J) — \ f\^d^o — 0, we have that f — 
in 7. Then /C(7, ^) — 0. □ 
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